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Abstract
We prove a Freidlin–Wentzell large deviation principle for multi-dimensional stochastic differen-
tial equations with non-Lipschitz coefficients and apply it to the Brownian motion on the diffeomor-
phism group of the disc constructed recently by Airault, Malliavin and Thalmaier.
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1. Introduction
In [8] we have established a Schilder Theorem for one-dimensional stochastic differ-
ential equations with non-Lipschitz coefficients which contain the Brownian motion on
the homeomorphism group of the circle as a special case. This theorem is deduced as a
corollary to the Freidlin–Wentzell large deviation principle for homeomorphism flows of
one-dimensional diffusion with non-Lipschitz generator.
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644 J. Ren, X. Zhang / Bull. Sci. math. 129 (2005) 643–655The present work is motivated by the fundamental paper of Airault, Malliavin and Thal-
maier [1] which in particular constructs the Brownian motion on the diffeomorphism group
of the disc, and the recent work of one of the authors [9] in which stochastic flows of
stochastic differential equations with non-Lipschitz coefficients in multi-dimensions are
constructed. We ask ourselves the questions if the results of [8] still hold in this situation
and can be applied to the Brownian motion of Airault–Malliavin–Thalmaier.
The results of [8] cannot be applied to this Brownian motion for two reasons. First,
the results in Section 3 there cannot be applied since the assumption (A2), i.e., γ (x) =
o(log+ x) on the drift coefficients is not satisfied. Secondly, the results in Section 4 there
is valid only for one-dimensional diffusion and is confined to the Brownian motion on the
homeomorphism group only, by appealing to the special property that the backward SDE
satisfied by this motion takes the same shape in the Itô and Stratonovich forms.
Moreover, it seems that the condition (A2) is not so natural compared to its counterpart
on the diffusion coefficients, (A1). Contraposing the classic Yamada–Watanabe theorem
and taking into account of the recent results in [9], it is reasonable to guess that γ (x) =
O+(logx) should be enough.
Finally, the use of Backward SDEs forces to impose more restrictive regularity condi-
tions on the coefficients since in transferring Itô form to Stratonovich one at least one time
continuous differentiability is required. Consequently, it would be best if one could avoid
using Backward SDEs.
It is our aim to solve these problems in this paper. We take the same idea as in [8] but
with significant technical modifications. The structure of the paper is as follows.
After preparing a preliminary part, Section 2, in Section 3 we will be able to improve [8,
Section 3] by replacing γ (x) = o(log+ x) by γ (x) = O(log+ x) after a more appropriate
choice of auxiliary function, see the proof of Lemma 3.3.
In Section 4 we work in the homeomorphism space. Completely different to what we
did in [8], here we work, let us say, on a conceptional level rather than a computational
one, and thus are able to avoid the heavy calculation made in [8]. More precisely, we first
prove a topological lemma which asserts that the relative topology of the homeomorphism
space inherited from the continuous mapping space coincides with the topology induced
by the natural metric characterizing the simultaneous compact uniform convergence of the
mappings and the inverse mappings. This allows us to pass from the results of Section 3 to
our main result, Theorem 4.3, quite quickly.
The Freidlin–Wentzell large deviation principle for stochastic flows of SDEs has been
subjects of several papers, see e.g. [3] and references therein. Compared with them, our
novelty is that we do not assume the Lipschitzness of the coefficients.
Finally in Section 5, we apply our main result to Brownian motion of Airault–
Malliavin–Thailmaier.
2. Preliminaries
We shall use, as many as possible, the same notations as in [8].
So for fixed T ,R > 0, we denote by CT the space of all continuous maps from [0, T ]×
R
d to Rd and CR the space of all continuous maps from [0, T ] ×DR to Rd , where DR :=T
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√∑d
i=1 x2i being the usual Euclidean norm in Rd . Then CRT is a
Banach space with the uniform norm
‖f ‖
C
R
T
:= sup
(t,x)∈[0,T ]×DR
∣∣f (t, x)∣∣,
and CT is a Polish space with the seminorm:
‖f ‖CT :=
∞∑
R=1
2−R
(‖f ‖
C
R
T
∧ 1).
Let l2 denote the usual Hilbert space of R-valued sequence with the inner product 〈·, ·〉l2 .
The norm in l2 is denoted by ‖·‖l2 . Let H denote the Hilbert space of absolutely continuous
functions from [0, T ] to l2, i.e.
H :=
{
h : [0, T ] → l2; ‖h‖2
H
:=
T∫
0
∥∥h˙(s)∥∥2
l2 ds < ∞
}
.
LetWT denote the space of all real continuous functions ω defined on [0, T ] with ω(0) =
0, endowed with the uniform topology, and µT the Wiener measure on (WT ,B(WT )). De-
note by (W∞T ,B(W∞T ),µ∞T ), which will be our underlying probability space, the product
space of denumerably many copies of (WT ,B(WT )). ThenW∞T is a Polish space with the
metric:
d(ω,ω′) =
∞∑
j=1
2−j
(‖ωj − ω′j‖ ∧ 1).
Define the projection Wj ofW∞T onto the j th coordinate:
Wj(ω) = ωj ∈WT (ω ∈W∞T ).
Then {Wj ; j = 1,2, . . .} is an infinite sequence of independent standard Brownian motions
on probability space (W∞T ,B(W∞T ),µ∞T ). For t  T , let Ft be the complete filtration
generated by {W(s), s  t}.
Let A denote the class of l2-valued Ft predictable processes h satisfying
E
( T∫
0
∥∥h˙(s)∥∥2
l2 ds
)
< +∞.
We recall the following variational representation formula for the infinite dimensional
(cylindrical) Brownian motion W [5, Corollary 3.7] (for the finite dimensional one see
[4]).
Theorem 2.1. Let F be a bounded Borel measurable function onW∞T . Then we have
− logE(e−F(W)) = inf
h∈A
E
(
F(W + h) + 1
2
‖h‖2
H
)
.
Here and hereafter the expectation E is taken with respect to probability measure µ∞.T
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surable mappings fromW∞T to a Polish space E.
Definition 2.2. A function I mapping E to [0,∞] is called a rate function if for each
a < ∞, the level set {f ∈ E: I (f ) a} is compact.
Definition 2.3. Let I be a rate function on E. We say that {Zε, ε > 0} satisfies the Laplace
principle on E with rate function I if for all real bounded continuous functions g on E:
lim
ε→0 ε logE
(
exp
[
−g(Z
ε)
ε
])
= − inf
f∈E
{
g(f ) + I (f )}.
We will need the following concave function:
ρη(x) :=
{
x logx−1, x  η,
η logη−1 + (logη−1 − 1)(x − η), x > η,
where 0 < η < 1/e. Then we have (see [7, Example 2.2]):
Lemma 2.4. Let g(s), q(s) be two strictly positive functions on R+ satisfying g(0) < η
and
g(t) g(0) +
t∫
0
q(s)ρη
(
g(s)
)
ds, t  0.
Then
g(t)
(
g(0)
)exp{− ∫ t0 q(s)ds}. (1)
The following result is easily proved.
Lemma 2.5. 1◦. ρη is decreasing in η, i.e. ρη1  ρη2 if 1 > η1 > η2.
2◦. For any p > 1, we have
xpρη(x) ρη(x1+p)/(1 + p).
3. Large deviation for stochastic flow
Consider the following stochastic differential equation on (W∞T ,B(W∞T ),µ∞T ):{
dXt = σ(Xt ) · dWt + b(Xt )dt, t ∈ [0, T ],
X0 = x ∈ Rd , (2)
where σ :Rd → Rd × l2 and b :Rd → Rd are measurable functions, W := (W 1,W 2, . . .)
are defined in the preceding section.
We make the following assumptions on the coefficients: there are three constants
C0,C1 > 0 and η ∈ (0,1/e) such that
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d∑
i=1
∥∥σ i(x) − σ i(y)∥∥2
l2  C0|x − y|ρη
(|x − y|), ∀x, y ∈ Rd .
(A2)
∣∣b(x) − b(y)∣∣ C1 · ρη(|x − y|), ∀x, y ∈ Rd .
For h ∈ H, set S(h)(t, x) := Xht (x) ∈ CT , where Xht (x) is the unique solution of equa-
tion
Xht (x) = x +
t∫
0
〈
σ
(
Xhs (x)
)
, h˙s
〉
l2 ds +
t∫
0
b
(
Xhs (x)
)
ds. (3)
Consider the small perturbation of (2){
dXεt =
√
ε σ (Xεt ) · dWt + b(Xεt )dt, t ∈ [0, T ],
Xε0 = x ∈ Rd .
The unique solution is denoted by Xεt (x). Under the assumptions (A1) and (A2), we proved
in [7,9] that the mapping (t, x) → Xεt (x) is in CT a.s. Letting µε denote the law of Xε in
CT , we can now state our main result in this section.
Theorem 3.1. For any A ∈ B(CT ), we have
− inf
f∈Ao I (f ) lim infε→0 ε logµε(A) lim supε→0
ε logµε(A)− inf
f∈A¯
I (f ),
where Ao denotes the interior of A, A¯ denotes the closure of A, and I (f ) is the rate
function defined by
I (f ) := 1
2
inf{h∈H: S(h)=f } ‖h‖
2
H
, f ∈ CT . (4)
Here we use the usual convention inf(∅) = +∞.
The rest of this section is devoted to the proof of this theorem. The following lemma
shows that I (f ) defined by (4) is indeed a rate function in Definition 2.3. For the proof we
refer to [8].
Lemma 3.2. (i) For any f ∈ CT , if I (f ) < ∞, then there is an h0 ∈ H such that 2I (f ) =
‖h0‖2H.
(ii) I (f ) is a rate function on CT .
For N > 0, define
AN :=
{
h ∈A: ∥∥h(ω)∥∥
H
N, a.s.
}
.
Given a family {hε, ε > 0} in AN , let Xε,hεt (x) be the unique solution to{
dXε,h
ε
t =
√
εσ
(
X
ε,hε
t
) · dWt + 〈σ (Xε,hεt ), h˙εt 〉l2 dt + b(Xε,hεt )dt,
X
ε,hε
0 = x ∈ Rd .
We have
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f ′(x) 1; f (x) = x,0 x < η; f (x) = 1, x  2.
There are three positive numbers p,β and C independent of ε such that
E
(
f
(∣∣Xε,hεt (x) − Xε,hεt (y)∣∣))p  C|x − y|d+1+β
for all ε ∈ [0, ε0] and |x − y| < η0, provided ε0 = ε0(T ,N) and η0 = η0(T ,N) are suffi-
ciently small.
Proof. For simplicity we write Xt(x) = Xε,hεt (x).
Put
p(t) := (d + 1) exp
{ t∫
0
(
C1 + 1 + C0
∥∥h˙εs∥∥l2)ds
}
.
Then
p′(t) = (C1 + 1 + C0∥∥h˙εt ∥∥l2)p(t). (5)
Since hε ∈AN we have
d + 1 p(t) (d + 1) exp{(C1 + 1)T + C0√TN}=: AT,N , ∀t ∈ [0, T ].
Put
Zt := Xt(x) − Xt(y)
and
G
ij
s :=
〈
σ i
(
Xs(x)
)− σ i(Xs(y)), σ j (Xs(x))− σ j (Xs(y))〉l2 .
Then by (A1)∑
ij
G
ij
s  C0|Zs |ρη
(|Zs |).
By Itô formula we have
f
(|Zt |)p(t) = f (|Z0|)p(0) + Mεt +
6∑
i=1
t∫
0
ξi(s)ds, (6)
where
Mεt :=
√
ε
∑
i
t∫
0
p(s)f
(|Zs |)p(s)−1f ′(|Zs |) Zis|Zs |
(
σ i
(
Xs(x)
)− σ i(Xs(y)))dWs,
ξ1(s) := p′(s)f
(|Zs |)p(s) logf (|Zs |),
ξ2(s) :=
∑
p(s)f
(|Zs |)p(s)−1f ′(|Zs |) Zis|Zs |
[
bi
(
Xs(x)
)− bi(Xs(y))],
i
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∑
i
p(s)f
(|Zs |)p(s)−1f ′(|Zs |) Zis|Zs |
〈
σ i
(
Xs(x)
)− σ i(Xs(y)), h˙εs 〉l2,
ξ4(s) := ε2
∑
i,j
p(s)
(
p(s) − 1)f (|Zs |)p(s)−2f ′(Zs)2 ZisZjs|Zs |2 Gijs ,
ξ5(s) := ε2
∑
i,j
p(s)f
(|Zs |)p(s)−1f ′′(|Zs |)ZisZjs|Zs |2 Gijs ,
ξ6(s) := ε2
∑
i,j
p(s)f
(|Zs |)p(s)−1f ′(|Zs |)
[
1i=j
|Zs | −
ZisZ
j
s
|Zs |3
]
G
ij
s .
If |Zs | η, then by (A1), (A2) and √− log |Zs |− log |Zs |
ξ2(s) + ξ3(s)−
(
C1 + C0
∥∥h˙εs∥∥l2)p(s)f (|Zs |)p(s) log |Zs |,
and
ξ4(s) + ξ5(s) + ξ6(s)−εC0AT,Np(s)f
(|Zs |)p(s) log |Zs |.
So choosing ε < 1
C0AT,N
=: ε1, we have by (5)
6∑
i=1
ξi(s) 0.
If |Zs | > η, then it is easy to see that there exists constant CT,N such that
6∑
i=1
ξi(s) CT,N
(
1 + ∥∥h˙εs∥∥l2)f (|Zs |)p(s).
Hence we have for ε < ε1
f
(|Zt |)p(t)  f (|Z0|)d+1 + Mεt + CT,N
t∫
0
(
1 + ∥∥h˙εs∥∥l2)f (|Zs |)p(s) ds.
Now by Hölder’s inequality, Lemma 2.5 and Jensen’s inequality, we have
E
(
f
(|Zt |)2p(t)) 3f (|Z0|)2(d+1)
+ 3εA2T ,NC0
t∫
0
E
(
f
(|Zs |)2p(s)−1f ′(|Zs |)2ρη(|Zs |))ds
+ 3C2T ,NE
( t∫
0
(
1 + ∥∥h˙εs∥∥l2)2ds ·
t∫
0
f
(|Zs |)2p(s)ds
)
 3f
(|Z0|)2(d+1) + 3εA2T ,NC0
t∫
ρη1
(
E
(
f
(|Zs |)2p(s)))/(2p(s))ds0
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t∫
0
E
(
f
(|Zs |)2p(s))ds
 3f
(|Z0|)2(d+1) + εCN,T
t∫
0
ρη0
(
E
(
f
(|Zs |)2p(s)))ds,
provided that η0 = η0(T ,N)(< η) is sufficiently small.
Since f (x) 1, we obtain by Lemma 2.4
E
(
f
(|Zt |)2(d+1+T+√TN)) E(f (|Zt |)2p(t))
 C(x − y)2(d+1)·exp(−3εT A2T ,NC0/4), (7)
for |x − y| < η0. Choosing ε0 = ε0(T ,N) < ε1 so small that
2(d + 1) · exp(−3ε0TA2T ,NC0/4)> d + 1
gives the desired estimate. 
Thanks to this lemma, we can proceed as in [8] to prove the following result, which
will in turn give Theorem 3.1 via the equivalence of the Laplace principle and the large
deviation principle [6].
Theorem 3.4. {Xε, ε > 0} satisfies the Laplace principle in CT with the rate function I (f ).
4. Large deviation on the group of homeomorphisms
For fixed T > 0, we consider the following space
HT := {g : [0, T ] ×Rd → Rd is continuous, ∀t ∈ [0, T ],
gt is a homeomorphism on Rd , and g−1· (·) is also bicontinuous
}
.
We define a metric on HT as follows:
dH(g1, g2) := dC(g1, g2) + dC
(
g−11 , g
−1
2
)
, (8)
where
dC(g1, g2) :=
∞∑
n=1
2−n
(
sup
t∈[0,T ]
sup
|x|n
∣∣g1(t, x) − g2(t, x)∣∣∧ 1).
Lemma 4.1. Let gk, g ∈HT . Assume that
lim
k→∞d
C(gk, g) = 0.
Then we have
lim
k→∞d
H(gk, g) = 0.
J. Ren, X. Zhang / Bull. Sci. math. 129 (2005) 643–655 651Proof. We only need to prove that for any n ∈ N
lim
k→∞ supt∈[0,T ]
sup
|x|n
∣∣g−1k (t, x) − g−1(t, x)∣∣= 0.
Suppose not. Set for any r > 0
Br :=
{
x: |x| < r}; Sr := {x: |x| = r}.
Then there is an ε > 0 and a sequence {(tk, xk)} ⊂ [0, T ] × Bn such that∣∣g−1k (tk, xk) − g−1(tk, xk)∣∣ ε.
Extracting a subsequence if necessary, we assume that (tk, xk) → (t0, x0) ∈ [0, T ] × Bn.
Set yk := g−1k (tk, xk), zk := g−1(tk, xk), z := g−1(t0, x0). Then
lim
k→∞ zk = z (9)
and
|yk − zk| ε. (10)
Now we show that
sup
k
|yk| < +∞. (11)
Set
Ar := g−1(t0,Br), Cr := g−1(t0, Sr ), y := g−1(t0,0).
Since gk(tk, ·) → g(t0, ·) compact uniformly, there exists an K such that for all k > K we
have
dis
(
gk(tk,Cn+1), Sn+1
)
< 1, and gk(tk, y) ∈ Bn.
So
gk(tk,Cn+1) ∩ Bn = ∅, and gk(tk,An+1) ∩ Br = ∅, k K.
Since Bn+1 is connected, we are forced to have
gk
(
tk,A
c
n+1
)∩ Bn = ∅,
which yield
g−1k (tk,Bn) ⊂ An+1, k K.
(11) is thus proved.
By (11), we see that there exists a subsequence {yki } converging to a point y0. Again,
without any loss of generality we assume the sequence itself converges. Thus we have by
(9) and (10)
|y0 − z| ε. (12)
But, since gk → g compact uniformly, we have
g(t0, y0) = lim gk(tk, yk) = lim xk = x0 = g(t0, z).
k→∞ k→∞
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Now denote by T1 the relative topology in HT which inherits from CT , by T2 the
topology induced by the metric dH. Then the above lemma immediately implies
Corollary 4.2. T1 coincides with T2.
Let νε denote the law of Xε in HT . We can now state our main result in this paper.
Theorem 4.3. For any A ∈ B(HT ), we have
− inf
f∈Ao I (f ) lim infε→0 ε logνε(A) lim supε→0
ε logνε(A)− inf
f∈A¯
I (f ),
where the closure and the interior are taken in T1, and I (f ) is the rate function defined by
I (f ) := 1
2
inf{h∈H: S(h)=f } ‖h‖
2
H
, f ∈HT . (13)
Proof. By the above corollary, there exists an open set A1 of CT such that
Ao =HT ∩ A1.
Hence, noticing that I (f ) = ∞ if f /∈HT , we have by Theorem 3.1 (recall, in particular,
that µε is the law of Xε in CT )
lim inf
ε→0 ε logνε(A) lim infε→0 ε logνε(A
o)
= lim inf
ε→0 ε logνε(H
T ∩ A1)
= lim inf
ε→0 ε logµε(A1)− inff∈A1 I (f )
= − inf
f∈HT ∩A1
I (f ) = − inf
f∈Ao I (f ).
Hence the lower bound in Theorem 4.3 is proved. The upper bound being proved in a
similar way, the proof is finished. 
5. Example: Brownian motion on the homeomorphism group of the disc
This Brownian motion is constructed in [1] and it is defined by a SDE driven by infinite
many Brownian motions.
Let
K(s) := (1 − |s|)1[−1,1](s),
Kˆ(ξ) :=
+∞∫
K(s) exp(−iξs)ds = 2
1∫
(1 − s) cos(ξs)ds.−∞ 0
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
dθw,t =
∑
n>1
1√
n3 − nKˆ(nyw,t )
(
cos(nθw,t ) ◦ dW2n(w, t)
+ sin(nθw,t ) ◦ dW2n+1(w, t)
)
,
dyw,t = − 6
∑
n>1
1√
n3 − nKˆ
′(nyw,t )
(
cos(nθw,t ) ◦ dW2n+1(w, t)
− sin(nθw,t ) ◦ dW2n(w, t)
)
.
(14)
Set Xt(w) := (θw,t , yw,t ) and
σ 12n(θ, y) :=
1√
n3 − nKˆ(ny) cos(nθ)
= 2√
n3 − n
1∫
0
(1 − s) cos(sny)ds · cos(nθ),
σ 12n+1(θ, y) :=
1√
n3 − nKˆ(ny) sin(nθ)
= 2√
n3 − n
1∫
0
(1 − s) cos(sny)ds · sin(nθ),
σ 22n(θ, y) :=
6√
n3 − nKˆ
′(ny) sin(nθ)
= − 12√
n3 − n
1∫
0
s(1 − s) sin(sny)ds · sin(nθ),
σ 22n+1(θ, y) :=
−6√
n3 − nKˆ
′(ny) cos(nθ)
= 12√
n3 − n
1∫
0
s(1 − s) sin(sny)ds · cos(nθ).
Then the system (14) can be written as
dXt = σ(Xt ) ◦ dW(t),
or in Itô form:
dXt = σ(Xt )dW(t) + b(Xt )dt,
where
b1(θ, y) := 0,
b2(θ, y) := 3
∑ 1
n2 − 1
(
6Kˆ ′′(yn) + Kˆ(yn))Kˆ ′(yn)n>1
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∑
n>1
1
n2 − 1
1∫
0
(1 − s)(1 − 6s2) cos(syn)ds
1∫
0
(1 − s)s cos(syn)ds.
We have
Proposition 5.1. There are two positive constants C,η such that∥∥∥∥∂σ 1∂θ (0,0)
∥∥∥∥
l2
= +∞,
∥∥σ(θ, y) − σ(θ ′, y′)∥∥2  Cρη(|θ − θ ′|2 + |y − y′|2), ∀θ, θ ′, y, y′ ∈ R,∣∣b(θ, y) − b(θ ′, y′)∣∣ Cρη(|y − y′|), ∀θ, θ ′, y, y′ ∈ R.
In particular, σ is not differentiable at (0,0), and (A1) and (A2) hold.
Proof. Clearly,∥∥∥∥∂σ 1∂θ (0,0)
∥∥∥∥
2
l2
=
∑
n>1
n
n2 − 1 = +∞.
Note that∣∣σ 12n(θ, y) − σ 12n(θ ′, y′)∣∣2
 4
1∫
0
(1 − s) | cos(sny) cos(nθ) − cos(sny
′) cos(nθ ′)|2
n3 − n ds
 8
1∫
0
(1 − s) | cos(sny) − cos(sny
′)|2 + | cos(nθ) − cos(nθ ′)|2
n3 − n ds
 8
1∫
0
(1 − s) |2 sin(
sn(y−y′)
2 )|2 + |2 sin( n(θ−θ
′)
2 )|2
n3
ds
 32
1∫
0
(1 − s) | sin(
sn(y−y′)
2 )|2
n3
ds + 32 | sin(
n(θ−θ ′)
2 )|2
n3
.
So by [2, Lemma 3.1] we have∑
n>1
∣∣σ 12n(θ, y) − σ 12n(θ ′, y′)∣∣2
 32
1∫
(1 − s)
∞∑
n=1
| sin( sn(y−y′)2 )|2
n3
ds + 32
∞∑
n=1
| sin( n(θ−θ ′)2 )|2
n30
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1∫
0
(1 − s)∣∣s(y − y′)∣∣2 log∣∣s(y − y′)∣∣−1 ds + |θ − θ ′|2 log |θ − θ ′|−1
 C|y − y′|2 log |y − y′|−1 + |θ − θ ′|2 log |θ − θ ′|−1
 C
(
ρη
(|y − y′|2)+ ρη(|θ − θ ′|2))
 C
(
ρη
((|y − y′|2 + |θ − θ ′|2)/2))
provided that |y − y′|2 + |θ − θ ′|2 is sufficiently small, where the last step is due to the
concavity of ρη. The other estimates can be obtained similarly. 
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